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Abstract 

We investigate effects of field theory instantons by considering D-instantons in a suitable 
D3-brane background. In supersymmetric QCD with SU(N C ) gauge group with Nf = N c 
flavors, the moduli space of vacua is deformed by instantons. This effect can be described 
by the chiral interactions which are called multi-fermion F-terms. We derive these chiral 
interaction terms as D-instanton effects in the presence of D3-branes. For SU(2), the ob- 
tained result agrees with the previous result worked out by Beasley and Witten [1] . We also 
explicitly work out those for the case of the symplectic gauge group, and show that they 
describe the deformation of the moduli space. 
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1 Introduction 



Instanton physics in string theory is an interesting area to study. There are various nonpertur- 
bative objects such as D-branes, membranes and 5-branes and one can consider the instanton 
effects arising from such objects wrapping on some suitable cycles [21 OH]. Spacetime approach 
or the physical gauge approach was initiated by [5] and various interesting works were done. 
Since some field theories can be embedded in a string theory, field theory instantons can be 
understood in terms of instantons in string theory and this approach shed much light on the 
understanding of the structures of gauge theory instantons, such problem as the measure of the 
instanton moduli space. One of the important discovery is the D5-brane as a small instanton 
in Type I theory [2] and this led to the much progress in our understanding of the field theory 
instantons. Also in the string theory set up, one can have truly stringy instantons in the em- 
bedded field theory [6j El EH E] , whose effect cannot be reproduced within field theory 
and this leads to many interesting physics such as dynamical supersymmetry breaking combined 
with the other effects. 

In this work we will use the string theory setup to understand one aspect of gauge theory 
instanton [12J. In particular we are interested in N = 1 supersymmetric QCD and derive 
one interesting effect coming from the gauge theory instanton. We realize the gauge theory 
as a suitable D3-brane configuration [13] where D-instanton plays the role of the usual gauge 
theory instanton. In J\f = 1 SU(N C ) gauge theory with Nf fundamental flavors, the well known 
instanton effect is the generation of the ADS superpotential |14j for N c = Nf — 1, which lifts 
the moduli of vacua (for a review, see [15]). This superpotential can be reproduced by the 
D-brane effective theory [16J. For Nf = N c , no superpotential is generated but a quantum 
effect deforms the complex structure of the moduli space [IT]. In [T], it was pointed out that 
the deformation of the moduli space is still due to the usual gauge theory instanton, which 
gives rise to a chiral interaction. This interaction is a four-fermion interaction term and called 
multi-fermion F-terms. For Nf > N c , instantons generate interaction terms with more fermions. 

In this paper, we reproduce these multi-fermion F-terms from the D-brane effective theory, 
which is realized as D3-branes at a particular orbifold singularity. Though only the scalars 
which parametrize the moduli of Af = 1 SQCD are involved in the calculation of the ADS 
superpotential, we have to include interactions of fermions in the quark superfields. These F- 
terms are given in the form of the integral with respect to the moduli of the instanton. It 
is difficult to perform the integration for general case. Hence, we calculate the simplest case 
N c = Nf = 2. In this case, we can easily perform the integration and obtain the multi-fermion 
.F-terms which are equivalent to the result of pQ. We study the case of the symplectic group 
as another example, and make a connection with the deformation of the moduli space. In this 
case, we can also explicitly carry out the integration, since the ADHM constraint is absent and 
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the structure of the instanton moduli is simple. 

This paper is organized as follows. In section [21 we briefly recall the basic setup of the D- 
brane effective theory which describes instantons in the J\f = 4 super Yang- Mills [12]. In section 
[3j we introduce D3-branes on one particular orbifold and realize the J\f = 1 SQCD with SU(N C ) 
gauge group [13]. After that, we discuss basic facts about the derivation of superpotentials and 
show the general expression of multi-fermion F-terms for Nf = N c . In section [H we briefly 
review the multi-fermion F-terms and their relation to the deformation of the moduli space pQ. 
In section [5l we describe details of calculations in the simplest case of Nf = N c = 2. We show 
that our result coincides with that in [1] . In section [6l we consider the more general case of 
USp(N c ). We derive an expression of multi-fermion F-terms and show that they describe the 
deformation of the moduli space for Nf = N c + 1. We also consider multi-fermion F-terms 
with more fermions, which appear for Nf > N c + 1. Section [7] is devoted for conclusions and 
discussions. 

2 Preliminaries 

In this section, we explain the basic setup of the system. It is well known that the D-instanton 
is the gauge theory instanton if the gauge theory in consideration is realized by D3-brane config- 
urations [12] . Here we describe the massless spectrum of various sectors coming from D3 branes 
and D-instantons in the flat space and specify the interaction terms between various sectors. 
We divide open string fields into the following three sectors. 

D3-D3 sector This sector consists of the open strings whose both ends are on the D3-branes. 
At low energy, only massless modes of these open strings contribute to the theory. These massless 
fields form N = 4 super Yang-Mills multiplets. Let denote the world-volume coordinates 
of D3-branes and x a denote the transverse coordinates of the remaining six dimensions. The 
bosonic components are denoted by and X a , and their fermionic partners by \^ and ^>^. 
Indices of A are those of 5^7(4) denoting the chirality of the transverse six dimensions while a and 
a denote the usual four dimensional chirality. We also write six scalars X a in the antisymmetric 
representation 



where S a (and S a ) realize six-dimensional Clifford algebras, and appear in the expression of 
six-dimensional 7-matrices, 



When we put N D3-branes, all of theses fields are in the adjoint representation of SU(N), and 
can be written as N x N hermitian matrices. 



<3?AB = ^AB xa - 



(2.1) 




(2.2) 
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D(-l)-D(-l) sector This sector consists of the open strings with both ends on the D-instantons 
These are obtained by the dimensional reduction of ten-dimensional super Yang-Mills theory. 
The bosonic fields are written as o^, x a an d the fermionic modes are denoted as M aA , XaA- Here 
we have adopted the ADHM inspired notation. We also introduce the triplet of the auxiliary 
fields D c . These are expressed in terms of k x k matrices for a background with k D-instantons. 
It is argued in [12] that there are subtleties to obtain the D-instanton action in the presence of 
D3-branes by taking a' — > limit. This is because the coupling constant dependence on a' is 
different for D3-branes and D-instantons. If we take the coupling constant of D3-branes to be 
constant, the coupling constant of D-instanton diverges. In order to obtain the usual interacting 
theory for D(-l) massless modes, we need a suitable rescaling of the fields on D-instantons. Here 
we assume that such rescaling is already taken. We will refer to the rescaled fields by using the 
above notations. 

D3-D(-l) sector This sector includes the massless modes of the open strings stretching be- 
tween the D3-branes and D-instantons. From the Neveu-Schwarz(NS) sector we have a bosonic 
spinor in the first four-directions where the GSO projection picks up the negative chirality. In 
the conjugate sector we obtain an independent bosonic spinor with the same chirality. We will 
refer to them as lo^ an d respectively. From the Ramond sector and its conjugate sector, we 
obtain a pair of fermions fi A and j2 A . These fields are N x k and k x N matrices, respectively. 

We are specifying the action of various sectors and the SUSY transformations are worked 
out in appendix [A] Massless modes of the D(-l)-D(-l) and D3-D(-l) sectors correspond to the 
moduli of the gauge instanton which appear in the ADHM construction [18\ 119]. When carrying 
out the path integral, one obtains the measure of the instanton moduli space naturally. The 
action is given by 

Si = tr(-[a^ X a ? + X'W/V + ^WVxa - ^(S") AB M^[ Xa , M* ] 

+ V + u>^ A + a^[M^ A , aM - iD c (^(r c )i^ + iif^aP, a"])) (2.3) 

where rj, rj are the usual 't Hooft symbols and r c denote the usual Pauli matrices. 

Including interaction terms with the scalars in N = 4 super Yang-Mills theory, we can also 
obtain the instanton effective action with non-zero VEVs of the scalars, which is given by, 

S 2 = tr {^e abcd u^ab^CD^ + \^ABli B + \e ABCD u>aXAB$CDU* \ ■ (2.4) 
In this paper, we also include contributions from the fermions in the D3-brane field theory. 
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The interaction terms with the fermions (and gauge fields) are as follows: 

S 3 = tr (iu & *%ii A - ifi^aAU™ + ^u^Jf^ 
We will mainly consider nonzero fermionic background with no gauge field background. 



(2.5) 



3 Multi-fermion F-terms from D-instantons 



In this paper, we study nonperturbative effects of instantons in an J\f = 1 gauge theory. One 
way to obtain ]\[ = 1 theory is the orbifolding with putting D3-branes at the orbifold singularity 
|13j . Here we take a C 3 /Z>2 x Z2 orbifold. We also introduce fractional D3-branes which are 
D5-branes wrapped on the singularity. Then, the gauge group is broken into U(Nx) x U(N2) X 
U^Ns) x U{N^). We assume that some of U(l) factors can get massive, e.g., via Green-Schwarz 
mechanism and we can get SU{N) factors. When we discuss SU(N) theory, we assume that U{\) 
is decoupled. We will refer to D3-brane configurations as (Nx, N2, N$, N4.). The configuration 
of (N c , Nf, 0,0) yields the J\f = 1 SQCD with gauged flavor symmetry. We neglect gauging of 
flavor symmetry and treat the model as the usual M = 1 SQCD. Configurations of D-instantons 
(and fractional D-instantons) are characterized by a similar fashion, (fci, &2, £3, foi). It is taken 
to be (1,0,0,0) in order to describe the one-instanton background. 

In order to obtain the C 3 /Z2 x Z2 orbifold, we introduce the following complex coordinates, 



4 ■ ^ 
x + ix , 



x G + ix 7 , 



x + ix* 



(3.1) 



The orbifold is constructed from the following two projections 



(3.2a) 
(3.2b) 



gx ■ z = —z and z 
<72 : z 1 = —z 1 and z 3 

The low energy effective theory of the D3-brane becomes the jV = 1 quiver gauge theory with 
bi-fundamental matters. This theory can be obtained by imposing an orbifold projection on the 
N = 4 SYM. Since the orbifolding is abelian, the orbifold projection act on the Chan-Paton 
factor as follows: 

-1 



A, 



v - i{gi)A^( gi )- \ <&ab = ±7{g i )$ABi{g i )~ 1 , i = 1, 2 (3.3) 

where the ± sign must be chosen according to the projections (|3.2|) . Since the orbifold is abelian, 
the representation matrix j(gi) can be diagonalized and written in terms of the block diagonal 
matrices: 

o\ 





7(91) 



/1 

1 

\0 



-1 



1(92 



fl 






■v 







-1 









1 





o\ 




-v 



(3.4) 
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where size of each blocks is determined by the D3-brane and D-instanton configurations. They 
have the size of (JVi, N2, N3, N4) for the Chan-Paton factors on D3-branes, and (^1,^2,^3,^4) 
for those on D-instantons. 

Now, we take the configuration of M = 1 SQCD, namely, (N c , Nf, 0, 0) for D3-branes and 
(1,0,0,0) for D-instantons. The fields which survive in the orbifolding are as follows. First, we 
consider fields on the D3-branes. We have the gauge group SU(N C ) x SU(Nf) and regard the 
former as a color gauge group and the latter as a flavor group. Among the scalar fields, only 
two real (one complex) scalars have non-zero components. In terms of 577(4) R-symmetry, $23 
and $14 survive, and they are hermitian conjugate to each other. Non-zero components are 



<I> 



23 



(° 


Q 





o\ 


Q 































0/ 



11 



(0 







o\ 

























V 








0/ 



(3.5) 



These two scalars are bi-fundamental in (N c ,Nf). Concerning fermions, two fermions 'I' 1 and 
(and their hermitian conjugate) survive. The fermion Vl/ 1 has a non-zero component in a 
similar fashion to the scalar fields: 



(0 


rj> 





o\ 

































0/ 



*1 



/o 







o\ 

































0/ 



(3.6) 



Fermions ip and ip are the superpartner of the scalars Q and Q respectively. The other surviving 
fermion * 4 becomes the gaugino A^ g ) and has two non-zero block-diagonal components. 

For the fields in the D(-l)-D(-l) sector, the situation is similar, but much more components 
vanish. Since we set all block to be zero except for the first, only the first diagonal block survives. 
Furthermore, a M and M aA do not appear in the action. Then, relevant fields in this sector are 
X a = A4 and D c . In the D3-D(-l) sector, the first diagonal components of u>a, H = A* 4 , 
p, = p, 4 survive, and are in the fundamental and anti-fundamental representations of SU(N C ), 
respectively. Off-diagonal components of n' = /i 1 and p,' = p 1 also survive and they are in the 
fundamental and anti-fundamental representations of SU(Nf), respectively. 

After the Z2 x Z2 orbifold projection, the action is obtained from the action of D3 and D(-l) 
branes after keeping terms compatible with the orbifold projections. The part containing only 
the fields in D(-l)-D(-l) and D3-D(-l) sectors is greatly simplified and turns out to be 

Si = i{p u ul + cw u )A" - iD c u>Z(T c )?^. 

The interaction terms with scalars are 



(3.7) 



s 2 = -coUQ u fQl f + Q\ u Ql)^ v - l -PuQ) u ^ + y f Ql f n v . 



(3.8) 
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The above action is equivalent to those appearing in the ADHM construction. Here, we also 
include the interaction terms with fermions. These terms and the interactions with gauge fields 
and gauginos are 



+ iu hu \$ "V + "a u^HF^)>^ V (3-9) 

In this paper, we mainly investigate the contribution from the fermionic components of quarks, 
ip and t/j. We do not consider the terms with the gauge fields and gauginos, and S3 indicates 
only terms with ifi or i[>, hereafter. 

The space-time approach to obtain the superpotential or F-term contribution from D- 
instanton was explained in [2D]. Following that, we should evaluate the following path integral 
for one-instanton 

Z = C J d{a,x,M,X,D,uj,u),fi,fl} e- Sl ~ s ' 2 - S:i , (3.10) 

where, C represents some overall constant. In the path integral evaluation, gives rise to 
four bosonic translation modes which represent position of the instanton. The upper left 
component of M° 4 gives rise to super-translation modes 9 a , since they are super-transform of 
a^. Then, we can interpret the path integral over these fields as the integration with respect to 
(super-)coordinate. Then, the i^-term contributions from D-instantons can be expressed as 

Z = j d 4 xd 2 6 W, (3.11) 

where W can be interpreted as a correction to the superpotential, and is given by 

W = C j d{\,D,u,u,fj,,p,} e - Sl - S2 ~ S:i . (3.12) 

The integrals over D and A enforces the bosonic and fermionic ADHM constraints. If we carry 
out these integration we have 

W = C J d{u;, 0,11,^5(^+0^^5(0^)^ (3.13) 

In the computation of the ADS superpotential, one can consider only the contribution from 
52- If we consider the SU(N C ) gauge theory, one can easily see that Nj = N c — 1 is the 
condition for nonvanishing fermionic integration from the structure of S2. From S2 one pair of 
comes down to the integrand simultaneously and 5(fi v ujy +Oau^ v ) will give additional 
fjL u to the integration. Thus we need Nj = N c — 1 for the nonzero fermionic integration. Now 
we consider the Nf = N c case. For nonzero fermionic integration, we need S3 to pull down two 
more fermion terms after pulling down fermion terms up to N c — 1 from S2. After carrying out 
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these integration, we obtain the following expression: 



W = C du?dw 2 5^{uJau{T c yy u ) e~^° 



1 



2N\{N - 2)! 



(JV-l)l(JV-l)! 



c UVtl--4pf — 2 C C c Kl---Kjv 



x ui^a^^Q* ■ ■ ■ Q^Qtl 1 • • • Qt k N N 



c c gfei---fcjv— 1 

~f3x 



X CO- 



^>,J f ^ y Qli ■ ■ ■ q£;:?q% ■ ■ ■ Ql£? 

i r 

+■ 



2N\(N - 2)! _ 



_ -hi—hjtf-VtVsi—atf-Zp. , 



x u^QtJfo^Q^ ■ ■ ■ Ojf^Ogi . . . Qg*-* 

(3.14) 

where A~ = A^- = iV c . As in the case of the ADS superpotential, this expression represents lowest 
components of the effective superpotential. The fermions and ifi^ can be regarded as the 
lowest component of the superfield DaQ and DaQ, where Q's are promoted to the superfields. 
Schematically, this is in the form of 

iJaiJ*F(Q, Qt) _> D a QD«QF(Q, Q). (3.15) 

This term is not the superpotential in the usual sense, and is not manifestly supersymmetric. 
However, this "superpotential" is chiral in the on-shell supersymmetry algebra because it is 
related to a representative of a Dolbeault cohomology whose elements parametrize infinitesimal 
deformations of moduli space pQ. Since this interaction term contains a four-fermion interaction, 
it is called multi-fermion i^-termQ 

Similarly one can clearly see that the nonvanishing contribution can be obtained even for 
Nf > N c . We just have to pull down the necessary terms from S3. It is a formidable task to 
perform integration in general cases, and we consider the simplest cases. We will consider the 
case of SU(2) with Nf = N c . In this case, the superpotential can be connected to the moduli 
deformation. In the next section, we review the relation between multi-fermion F-terms and the 
moduli space deformation. 



1 This type of the effective potential was also considered in [21| . 
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4 Review on multi-fermion F-terms 



In this section, we briefly review the multi-fermion F-terms. The simplest multi-fermion F-term 
is obtained from the superpotential which has two fermions in the lowest component. In this 
case, the superpotential can be regarded as a correction to the Kahler potential and connected 
to the deformation of the moduli space of vacua. 

Let us consider a model whose moduli space is classically described by the complex fields (ft 1 
satisfying a holomorphic equation, 

C(<f>) = 0. (4.1) 
The effective action is written in terms of 4> as 

S= [ d 4 xd 4 9K (4.2) 



where $ 7 and $ 7 are chiral and anti-chiral superfields whose lowest components are (j) 1 and (j) 1 , 
respectively. Then, the bosonic part of this action is 



S= I ^xgjjd^d^, (4.3) 



where gjj is metric on the moduli space, and obtained from the Kahler potential as 

d 2 K((j) 

Suppose that the governing equation on the moduli space is deformed to 



C(<P) = e. (4.5) 

This deformation of the complex structure can be represented as the change of the basis of 
holomorphic one forms 

# 7 -► d<p f - Lu^dj) 1 . (4.6) 
Then, the metric on the moduli space changes as 

gjjdtfd^ ^ giJ (V - ^j# J ") d$ J , (4.7) 
and the sigma model action receives the correction term 

5S = J d A xd 2 eu- I jD 6 ,¥D^ J = j d 4 xuj u d0 1 d0 j + ■■■ (4.8) 

^TJ = 9ki^j- (4-9) 
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Thus, the deformation of the moduli space is related to the multi-fermion F-terms. Note that 
away from the singularities on the moduli space, this deformation can be converted to the 
non-holomorphic change of the valuable: 

= / + <ty'(0,0), (4.10) 

where cf) 1 satisfies the classical constraint 

C{$) = 0. (4.11) 

In the next section, we work out the SU{2) case and see that the result agrees with the 
computation carried out in [1]. 



5 Computation of multi-fermion F-terms 

In the previous section, we have seen that multi-fermion F-terms in the form of the integral 
with respect to instanton moduli. However, it is difficult to evaluate the integral for general 
SU(N). In this section, we investigate the simplest case of multi-fermion F-terms, i.e. SU(N) 
SQCD for Nf = N c = 2. In this case, multi-fermion F-terms are calculated in [I]. We show 
that our D-instanton derivation correctly reproduces their result, which is related to the moduli 
space deformation. 

We start with the expression of (|3.12|) . 

W = C J d{\,D,u,u,fj,,p,} e- Sl - S2 ~ S3 . (5.1) 

We first perform integrations with respect to fermions. Integrals over Aq, enforce the fermionic 
ADHM constraints. Here, we do not consider the terms with gauginos (and gauge fields). By 
neglecting these terms, integrals over /x's determine terms which contribute to the superpotential. 
After these integrations, we obtain the following expression of the superpotential, up to an overall 
integration constant: 

W = Jd 2 u d 2 uj d 3 D W e -^(QQ t +Q t Q)^+^ e ^ ) (5 2) 

+ \e VlV2 e^Ql^Ql^ £ ^ (5.3) 
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Using the Fierz identitjj^l for the first and the third terms, we obtain an expression with one pair 
of u,u> with their spinor indices contracted, i.e., 

(wV)(u^) = -(u> u ^ f )(u v u x ) + (w'-JJ)^), (5.5) 

where spinor indices are contracted in each parenthesis. Then, W can be expressed as 

W — hi- t,i aVl t7i- i,i V2 ip rhhili ill P w i w 2 P ft\g\c\92 
VV — LO aUl LO Up U2 UJ^ 2 £v l v 2 £ T fx W f 2 £ £ 9i92 L iw 1 H- 



W-2 



^^viWi^^^Q f 2 ^ fi £ 1 2 ' £ 9i92^V2 Q 



IV 2 



+ \e m ^QTQ\T £UlU2£ hhr^^ ■ (5-6) 

Next, we perform the integration with respect to uj and to. After some algebras, we obtain the 
following relation (see Appendix ICj) : 



F(A) = J d 2 UJ d 2 OJ d 3 D e -^+iD^r- 



d 3 D- 



det(A 2 + D 2 ) 

= {tvA)- 1 . (5.7) 

where the matrix A is a 2 x 2 hermitian matrix, and given by A = \{QQ^ + Q^Q) in the present 
case. Picking up relevant parts in (|5.2p and (|5.6p . we obtain 



dujdujd z D Uau^ v u $u ,uj^e-" Aul+iDCG)TCuJ = j dujdujd?D u^^u^u"'* ' e ~^+ iD 

1 d d 5 v 5 v 'i 

= 2 £ ^dA^dAY F ^ A) = e ^ JkaJ ' (5,8) 

Using this, the superpotential is given by 

W = (tvA)- 3 ( - \e w "eHl fTf V e u ' v 'e flgl QM 
Jk c us c T 1 .,AAflnt*ntfc 



^'O^g}^^^^). (5.9) 



1 

In the case of SU(2), the fundamental and anti- fundamental representations coincide, and the 
Nf flavors can be treated as 2Nf flavors. Here, we treat the flavor symmetry as global symmetry 



For bosonic spinors A, B, C and D, we have the following relation: 



A^CpD 13 = (AB)(CD) = ~{AD){BC) + (AC)(BD). (5.4) 



This can be used for color and flavor SU (2) indices as well 
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by neglecting gauge fields of flavor symmetry. Then, the flavor symmetry becomes SU(4). First, 
we rewrite the quarks Q in the fundamental representation of SU(2) color symmetry as 

Q' uf = e uv Ql, C J = e UV i>L (5-10) 

By applying the the Fierz identity to color SU(2) indices, each term in the parenthesis becomes 

-e f9 e f < 9 >(Q' u 'iJ f )(Q^'iJ g ), (5.11) 
2£/% /v ((^ / Qt)(^/'Q'ts') + $ f Q*f')(j&Ql)), (5.12) 
-^% /v (Q't/'^)(Q^'^), (5.13) 

respectively, where SU (2) color indices are contracted inside each parenthesis and are not written 
explicitly. Thus, the superpotential is given by 

W = (tiA)- 3 e^e f/g/ [-(Q'^'^ f )(Q^'^ g ) 

+ 2 ($/Qj)ftW) + %Q'^')(^'gt)) 
-(Q' u '4>f)(Q' w 4> g )}. (5.14) 

By promoting the quarks Q and their superpartners V to the superfields, fermion ipa can be 
interpreted as the lowest component of D^Q- The quarks can be combined into Q as 

(Q u f , (i = l,2) 

at = { 1 K ' (5.i5) 

[Qtof. (i = 3,4) 

Then, the superpotential can be expressed in the following compact form 

W = (tr A)~ 3 £ijkiDa(£ uv Q i u Ql)D & (e u ' v ' Q^Q^), (5.16) 

where the matrix A can be written as A = QQ. In the moduli space of SQCD, we have the 
D-flatness condition, D a = tr QV a Q = 0, and we can rewrite tr A as 



tiA= Vdet QQ. (5.17) 

Introducing the "meson" field My = e™Q"QJ, we obtain the following expression for the 
superpotential 

W = (tr MM)~h ijkl D^M ij D' :i M kl . (5.18) 

In pp, the superpotential is derived by the usual field theory instanton calculation and its 
relation to the moduli space deformation is explained. In the case of SU(2), the classical moduli 
space is described by the meson M satisfying the classical constraint 

PfM = 0. (5.19) 
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This constraint is modified by the quantum effect to 



PfM = e. (5.20) 

This quantum moduli space can be converted to the classical moduli space by a non-holomorphic 
change of variables. Introducing the new coordinate M = M — 5M, the deformation of the 
complex structure gives rise to the additional superpotential of the form 

u m G% n DM kl DM mn , (5.21) 

where GV, is the metric of the moduli space, and uJijki is given by 



d d 

+ u i3M a*s ) Mmn = °' (5.22) 



dM ki i: > Ki dM %J 



In this case, the new coordinate is given by 



e e im M kl 



2 (teMM) ' 



Mij -► Mij - -j—r^- (5.23) 



Then, Uijki becomes 



_ £ / £jjkl _ £ijmnM mn Mkl \ } , 

" ijkl " 2 V (tr MM) ~ (tr MMf > ' 



The metric can be determined by the asymptotic form of the Kahler potential K = V tr MM. 
The additional factor of (trMM)^ 1 / 2 comes from this metrical Then, the superpotential be- 
comes, 

W = (trMM)-i ( e mi - - £ ^M m "M,A DM i jDM ki , g 25) 

V 7 V (tr MM) (tr MM) / > V ; 

where the third term has been added so that the superpotential is manifestly symmetric to the 
exchange of two l)M's. It can be done because the second and third term vanish on the moduli 
space since 

e ijkl M kl dM i3 = die^MijMki). (5.26) 

Using this relation (|5.26p again, the superpotential (|5.18p is equivalent to (|5.25p which is based 
on the moduli space deformation. 



6 Case of symplectic gauge group 

In this section, we consider the case of the symplectic gauge group, which can be obtained by 
introducing the orientifold [22]. Here, we take the orbifolding with (2N C , 2Nf, 0, 0) for D3-branes 

3 There are another additional terms. We do not write these terms explicitly because they vanish on the 
moduli space. 
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and (1,0,0,0) for D-instantons, and put the 03-plane on the orbifold singularity. Then, the 
color and flavor gauge groups becomes USp(2N c ) and USp(2Nf), respectively. If one neglects 
the flavor gauge symmetry and treats this as a global symmetry, this remains U(2Nj). 

The orientifold acts on the Chan-Paton factor as a matrix 7(f2). This matrix can be different 
for different D-branes, and have opposite symmetries (symmetric or anti-symmetric) for the D3- 
brane and D-instanton [23]. We take the anti-symmetric one for the D3-brane to obtain the 
symplectic gauge group. The matrix 7(0) must satisfy the following consistency condition: 

7(5)7(^)7(5) =7(«). (6-1) 

Then, the action of the orientifold is 



(6.2) 



where, J's are anti-symmetric matrices which satisfies J 2 = —1. We use the notation of J uv = 
_juv _ (J- 1 )^ and similarly for J. 

The orientifold imposes the following additional conditions on massless fields in the D3-D3 
sector: 

A^-^.A^Z 1 , (6.3a) 
V A = -i^ 7 -(* B ) T 7l\ *A = 7-(^b) T 7I 1 ^ , (6.3c) 



fj 








\ 





J 














J(3) 





\o 








j( 4 7 



where the minus sign for the scalars is due to the spacetime reflection, and those for the gauge 
fields and the fermions come from the 
reflection on six dimensional spinors: 



fields and the fermions come from the worldsheet reflection. The matrix Rg is the action of the 



R= -iT"""™. (6.4) 

The projection on the gauge fields (and gauginos) restrict the color and flavor gauge groups 
to the symplectic gauge group. For the chiral scalars and fermions, the conditions (|6.3p make 
connections between Q and Q, ip and ip as 

Ql = -J f9 Q v g Jvu, Q\ u = -J uv Ql 9 J 9f , U = -J fg r g Jvu, T f = -J uv i> g v J 9 f. (6.5) 

Since these conditions do not give any restriction on the flavor symmetry, the global symmetry 
itself remains to be U(2Nf). 
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For the Chan-Paton factor on the D-instanton, the action of the orientifold is a symmetric 
matrix, which can be taken to be the unit matrix 



7+ = 1- (6.6) 

For the fields in the D(-l)-D(-l) sector, the orientifold imposes the following conditions: 

a^ = al, X = ~X T , m£ = r£(M*) t , XaA = (\*b) T R%- (6.7) 

After the orbifolding for the one-instanton condition, (1,0,0,0), these relations yield 

= -X & , D c = -D c . (6.8) 

Thus, A and D c must vanish. It implies that there are no bosonic and fermionic ADHM con- 
straints in USp(2N c ) gauge theory as is well-known. 

For the fields in the D3-D(-l) sector, the orientifold projection gives relations between u and 
(D, and, /i and fi: 

= uV, H A = R£(» B f 1 Z 1 . (6.9) 

These relations become the following relations after the orbifolding: 

u u = u v J vu , fiu = fJ- v Jvu, p,' f = n 9 J gf . (6.10) 

The superpotential is greatly simplified since the ADHM constraints are absent in this case. 
The action of our interests becomes 

S = ^IJ UV Q)Q^^ W + i^J fg Ql^ u + 2i^J fg ii u u &u . (6.11) 

6.1 Multi-fermion F-terms and the moduli space deformation 

In this section, we consider the simplest case of the multi-fermion F-term. As we have seen in 
the case of SU(2), the superpotential is related to the deformation of the moduli space. We 
generalize the analysis to the symplectic case, and show that our superpotential reproduces the 
moduli deformation. 

The superpotential W is given by the path integral of the action (|6.1ip : 

W= f d{u,n}e~ s . (6.12) 



We neglect contributions from gauginos. Then, all of \i in the integrand must come from the 
second term of ()6. 11 j) . because the ADHM constraints are absent in this case. If N c = Nf, there 
are no additional contribution of //, and it yields an ADS-type superpotential, as is well known 
j. In the case of Nf > N c , N c of \J are supplied by the second term of (|6.1ip . and the rest of 
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fjf are by the third term. Then, the superpotential has the 2(Nf — N c ) of the fermions tjj. We 
obtain the simplest multi-fermion F-terms in the case of Nf = N c + 1. In this case, we have the 
follwing expression up to an overall constant: 

x e^'"»»ef*'"f«+>(JQ% lfl ■ ■ ■ {JQ% NfN {J^) fN+1 {JMf, 
' -^ fl - hN f(JQ\ lfl ---(JQ\ 2NchNc 



JV+2 



det(JQQt) 

X (J^)avf N+1 ■ ■ ■ (J^)Zf N+2 {(QQ^J) (6.13) 

where, N = 2N C = 2(Nf — 1). Using the Bose statistics of the quarks Q, we can rewrite 
this superpotential in terms of the "mesons" Mf g = JuvQJQ^- Then, we obtain the following 
compact form of the superpotential: 

= _ C'(M)ijki ~U r>M kl DM mn , (6.14) 
C(M) fg C(M)f9 mn y ' 

G% = Qti((QQ^)- 2 ) U v Ql6l (6.15) 

where we define C, C and C' as 

C{Mf = &*"f»M hh ■ ■ ■ M fN _ lfN , (6.16) 

C(M)ij = e ijfl ... fN M^ ■ ■ ■ M^- 1 /at ) (617) 

and 

C'(M) ijkl = e ijklfv .. fN _ 2 M^ • • • M^~^-\ (6.18) 

Let us consider the relation between our superpotential and the moduli space deformation 
[24] . We treat only the color symmetry as the gauge symmetry, but the flavor symmetry as 
a global symmetry by neglecting the flavor gauge field. Then, our model has U Sp(2N c ) color 
gauge symmetry and U(2Nf) flavor global symmetry. The classical moduli space is described 
by the "mesons" Mf g . For Nf > N c , these mesons satisfy the classical constraint 

PfM = 0, (6.19) 

which is a trivial consequence of the Bose statistics of the quark fields Q. In the case of 
Nf = N c + 1, this constraint is modified to 

Pf M = A (6.20) 

by the quantum effect of instantons. 
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The quantum moduli space can be converted to the classical moduli space by a non-holomorphic 
change of variables. Introducing the new coordinates M = M — 8M, The deformation of the 
complex structure gives rise to the additional superpotential of the form 



u m G% n DM kl DM mn , 
where is the metric of the moduli space, and uJijki is given by 







dM kl 



d 



dM, 



ij 



M„ 



In this case, the moduli deformation is described by 



8 M*. 



13 C(M) fg C(M)fo ' 
where we have used the definitions of (|6.16p and (|6.17p again. Then, we have 

C'(M)jjki C{M) l3 C\M) klmn C(M) mn 



C{M) fg C{M)f9 



(6.21) 



(6.22) 



(6.23) 



(6.24) 



(C(M) fg C(M)f9y 

where C is defined in (|6.18p . We do not know the explicit form of the metric G but we can 
estimate it from the asymptotic form of the Kahler potential K. The Kahler potential for mesons 
M equals to that of quarks Q at the asymptotic region of the moduli space. Since the Z)-flatness 
condition for the symplectic gauge group is 



the Kahler potential can be written as 



K = trQ f Q = tr yj JQpQ^ J-^QQ*. 



(6.25) 



(6.26) 



We can read off an expression of the metric from the last expression by using the following 
relation: 

d 2 K 



d 2 K dMij dM M 



dQt 9 dQ u f amaMa dQ u f dQ 



Thus, we obtain 



ij dM ij 8M kl 
M dQ] dQt 9 ' 



G% = 5{B\ + B{5\ - -{D{B\ + B{D]) 



(6.27) 



+ o E(- X ) r \(B r ){{B r+l )\ + {B r+l ){m 



r=l 



(6.28) 



16 



where 

B) = Q$Ql B] = Qt (W)" 2 )^, D) = q£ ((QQ*) -1 )* QJ- (6.29) 

Substituting (|6,24p and (|6.28|) into (|6.21|) . we obtain the superpotential generated by the quan- 
tum effect of instantons. Using the relation Mf g = J U vQ U fQ v g and the Bose statistics of Q, this 
superpotential is simplified to the following form: 

w — c (M)jjki f)M M nM mn Cfi irn 

W ~ C(M) fg C(M)f9 mnVM DM ' [b - M) 
Gg = ^f, (6.31) 

which is equivalent to our superpotential (|6. 14[) . 
6.2 Higher multi-fermion F-terms 

In the case of Nf > N c + 1, the moduli space is not deformed by effects of instantons, and we 
cannot relate multi-fermion F-terms to the moduli space deformation. However, multi-fermion 
.F-terms themselves exist even in these cases. These multi-fermion F-terms are also found from 
the purely field theoretical analysis. Here, we restrict ourselves to the simplest gauge group of 
USp(2) ~ SU(2), and show that our analysis reproduces the result from field theory. 
In general cases of Nf > N c , we have the following expression of the superpotential: 



W= I d 2 co e -^(JQQ^ 

x e^- u ^e h - hN f(JQ\ lfl ■ ■ ■ (JQ\ 2NchNc (J^) f2Nc+1 ■ ■ ■ (J^) hNf 

x ((QQV) •••((QQV) f 5 ■ (6.32) 

where, a indicates the permutation of indices, which can be removed by using the Fierz identity. 
Using the relation Mf g = Q"jQ v g and the Bose statistics of quarks Q, we can simplify it into the 
following compact form: 

W= Ef f M hh ••• Mf^c-lf2N c QhN c + lf2N c +2 ... (jflNf-lflNf (6 33) 

where 

° f9 = $L liQQ^y 1 } U J WV ^ 9 - (6-34) 
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Using the Bose statistics of Q again, and extending ^ to the superfield DQ, we can replace O 
by O which is defined as 

0/9 = DM ff ' \Q T J(QQ j )' 1 } DM 9 ' 9 . (6.35) 
In the case of USp(2) = SU(2), Z)-flatness condition gives the following relation: 

{QQ ] )v = 6% tr(QQt) = ^ Vtr MM. (6.36) 

Then, we obtain 

/9 = (tr M M)~ 3/2 Mf> g > DM ff ' DM 99 ' , (6.37) 
Using this expression, we can rewrite the superpotential as 

W = (tvMM)~ {3n ~ 1)/2 e fl ... hNf M hh O hU ■■■6 hN f- lf2N f , (6.38) 
O ij = M kl DaM ik D & M lj . (6.39) 

Therefore, this multi-fermion F-term is equivalent to that in pQ. 

7 Conclusions and discussions 

In this paper, we have investigated the instanton in J\f = 1 SQCD by using the D-brane effective 
theory. In SQCD with gauge group SU(N C ) and Nf = N c flavors, instantons modify the moduli 
space of vacua. This effect can be described by the multi-fermion .F-terms, and we have derived 
these terms from the D-brane effective action. SQCD can be obtained by introducing the 
orbifolding into the D3-brane effective theory, and the gauge instanton corresponds to the D- 
instanton on the D3-brane. The effective potential generated by instantons can be obtained from 
the D-instanton effective action. The multi-fermion F-terms are given in terms of integral with 
respect to the instanton moduli. This integration generally gives complicated expression. We 
have considered the simplest case of SU (2) gauge group, for which the potential was calculated 
in [1] by using purely field theoretical techniques. Our result correctly reproduced that in pp. 
We have also considered the case of symplectic gauge group. In this case, we have obtained much 
simpler results than those in the case of the unitary group. This is due to the fact that the ADHM 
constraints are absent for the symplectic gauge group. We have shown that the deformation 
of the moduli space is described by the multi-fermion F-terms derived from D-instantons, for 
Nf = N c + 1. We have also calculated multi-fermion F-terms with more fermions, which appear 
for the theory with more flavors. For USp(2) ~ SU(2), our result agrees with that in [fj^ again. 

We would like to comment on the case of the orthogonal group. SQCD with this gauge group 
can be obtained by introducing the orientifold which is opposite to that for the symplectic group; 
symmetric projection is imposed on the Chan-Paton factor of D3-branes and the anti-symmetric 
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projection on that of D-instantons. We can obtain multi-fermion .F-terms similar to those in 
the case of unitary gauge group for Nf = N c or symplectic gauge group for Nf = N c + 1, i.e. 
those in the form of (|3,15p . Due to the anti-symmetric projection, the size of the matrices for 
D-instantons must be even, and we should take k = 2 for one-instanton. Then, the Chan-Paton 
factor for D-instantons becomes USp{2) ~ SU(2), and consequently, there are three sets of the 
ADHM constraints corresponding to three SU(2) generators. The fermionic ADHM constraints 
supply six fermions \i. Since there are 2N C fermions \i and 2N $ fermions //, we obtain the multi- 
fermion F-terms in the form of (|3,15p . if Nf = N c — 2. However, there are no constraint on the 
moduli space for Nf = N c — 2, and therefore, we cannot see any relation between the multi- 
fermion F-terms and the deformation of the moduli space [25] . Furthermore, a large number of 
the ADHM constraint makes the integration in the expression of multi-fermion .F-terms much 
more complicated. 

It would be interesting to study the relation between multi-fermion .F-terms and the defor- 
mation of the moduli space in the case of SU(N C ) for N c > 2. In order to study this relation, 
we have to obtain an explicit form of the metric on the moduli space. Even in the case of SU(2) 
and symplectic group, the metric is determined in the asymptotic region by using symmetries. 
It is interesting to describe deformation of the moduli space in full detail. These issues are left 
for future studies. 

Another interesting problem is a generalization to other models. In this paper, we have 
demonstrated the D-instanton derivation of multi-fermion F-terms which are related to the 
deformation of the moduli space. This method can be applied to other models and will show 
how the moduli space is deformed by instantons. It would also be interesting to study stringy 
effects of multi-fermion F-terms. 
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A Supersymmetry transformations 

In this appendix, we describe the supersymmetry transformation of the effective theory. The 
D3-brane effective theory is the N~ = 4 super Yang-Mills theory. The followings are their 
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transformations: 



8A„ = ihAV^Vj + e A ^% (A.l) 

SIT* = ^ a e A F» v + \e ABCD ^ B a^D^ AB + {\e A e BCDE - \e ABCD e E ) <S>bc*de, 

(A.2) 

SV&A = h^ A < $F ^ + ^bo^D^ab + e ABCD (\i&A*BC*DE ~ \Z&e*ab*cd) , (A.3) 
5<S> AB = 2ie ABCD ^ aD - 2i (^aH ~ &b*2) • (A.4) 

where, we rewrote the i?-symmetry in terms of SU(4) using the definition, <& AB = ^ AB ^ a - 

Introducing the D-instanton, a half of the supersymmetry is broken and the unbroken sym- 
metry is generated by supercharges Q A . We list these supersymmetry transformations of the 
fields on the D-instanton. The fields in the D(-l)-D(-l) sector are given by dimensional reduction 
of the N = 4 super Yang-Mills theory. Their transformations are 

<5o„ = ^ A a^M A , (A.5) 
S X a = -i£«AZ aAB \aB, (A.6) 
5M aA = -^ B a mu ^ aAB [ X a , aiI }, (A.7) 

sxaA = \h B ^i B [ x a , x b ] + e^rV (A.8) 

By introducing the auxiliary fields D c , the transformation of XaA becomes 

5Ka = \ip A rfB c . (A.9) 
And the transformations in the D3-D(-l) sector are the followings: 

(A.10) 
(A.H) 

hs {^Xcd + ®cdu°) , (A. 12) 

■jdu^ + Q^cd), (A.13) 

where, xab = ^ AB X a - 



6Ua = 


-i£aAlJ> A , 


5u>a = 


i£aAp> A , 


Sn A = 


ABCD F 
£ KaB 


5fl A = 


ABCD F 
£ £,aB 



B Multi-fermion F-terms for general SU(N) 

In this appendix, we show an explicit expression of the superpotential for general Nf > N c in 
the case of unitary gauge group. The expression is quite complicated if all fields in the D3-D(-l) 
sector are integrated out. Therefore, we do not perform all of the integration. The superpotential 
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can be expressed in terms of the integral with respect to u: 
W = J duj 2 doj 2 ^(c^r^u^e"^ 



+ 



N C \(N C - 2)\(N f - N c )\(N f -N c + 2)! 

X f)t/l . . . rffNc-lffivi . . . (oWc 

X UJ- Ul" 1 lV Nc ' 1 UJ dLlWl ■ ■ -lj/ Nf C*N f -N c +2WN f -N c +2 

~$V1 _ —PNj-NcVNf-Nc 

X " " U $ Nf -tf c VN f -N c ^9tf f 

2 

X (l^h . . . (ot/jVc-l^fi;! _ _ _ /^t^JV c -l 

—flyi _ ~Pn f-N c +iyN f-N c +l 

x " " " u p Nf - Nc+ iy Nf - Nc+ ^gN f 

1 

+ iV c !(iV c - 2)!^ - N c )\(N f -N c + 2)1 

X (l^h . . . C)^N C P)ffl . . . (otfJVc-2 



x w Y w <=- 1 w ™W"<= +1 w *i«'i • • • i/i /jv/ u aN t- NcWN f 



GNf-NcWNf-Nc 



—flyi _ ~/3Nf-N c +2yNf-N c +2 

U i3iyi^9N c -i ' ' ' a; /3 J v / _ ]Vc+ 2?/]v / -]v c +2^'fAf/ 



(B.l) 



The fields on the D-instanton correspond to the moduli of the instanton, and w's are the gauge 
direction and the size of the instanton. For example, the instanton solution of the gauge field 
is written in terms of to as 

" ^^ J^i^r^y (B.2) 
where, we have taken the singular gauge, and Xq = is the position of the instanton. 

C Constrained Gaussian integral 

In this appendix, we describe the calculation of the constraint Gaussian integral. Let us define 
Fby 

F = J diodCu 5 i3) (LJT c u) e -^ Auj& (C.l) 
where A is an N x N matrix. Writing the 5-function in terms of the contour integral, we obtain 

F = J diodCo d 3 k e -^ d +*Wt^ = JdSldti d 3 k e~ nAn (C.2) 
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where A is the 2N x 2N matrix which is defined as 



A =\ .. ! . ., h (C3) 



-ifci + ki A + ifc; 



3 



and f2 and O are defined as 

,1 



n= 1,1, n=(w 1 , u>a). (c.4) 



.a; 2 



Then integrating over and f2, we have 



F -f* k tt-J"^h?) (c ' 5) 

where we used the following formula: 

det ( c % ) = det ( AD ~ ^°' 6 ^ 

if A,B,C,D mutually commute. Diagonalizing A into diag{a\, a 2 • ■ ■ a^) and picking up all 
residues in the upper half plane of k, we obtain 

f k 2 A a 

F = / dk— ^ = Y % ^ (C.7) 

This can be written in terms of A as 

F = tr „ , A — (C.8) 

where 

M r ) i — in 1 -n r h-l N _ {r+1) ( A 2 \ hl ■ ■ ■ ( A 2 \ kN ~ (r+1) (CQ) 

C i _ (iv-r-l)!r! >£ jn 1 -n r k 1 -k N _ (r+1) {A ) h [A ) lN _ (r+1) ^.y; 
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